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ENDOMORPHISMS OF SUPERELLIPTIC JACOBIANS
YURI G. ZARHIN
Abstract. Let K be a field of characteristic zero, n ≥ 5 an integer, f(x)
an irreducible polynomial over K of degree n, whose Galois group contains a
doubly transitive simple non-abelian group. Let p be an odd prime, Z[ζp] the
ring of integers in the pth cyclotomic field, Cf,p : y
p = f(x) the corresponding
superelliptic curve and J(Cf,p) its jacobian. Assuming that either n = p + 1
or p does not divide n(n − 1), we prove that the ring of all endomorphisms
of J(Cf,p) coincides with Z[ζp]. The same is true if n = 4, the Galois group
of f(x) is the full symmetric group S4 and K contains a primitive pth root of
unity.
2000 Math. Subj. Class: Primary 14H40; Secondary 14K05, 11G30, 11G10
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This is a corrected version of [34]. Inaccuracies in the statements of Theorems
1.1(ii), 3.12(ii), 5.2(ii) and Remarks 1.3, 3.2 of [34] and a gap in the proof of
Theorem 3.12(ii) [34, p. 702] (caused by improper use of Theorem 4.3.2 of [3] in
[34, p. 697]) are fixed. Several typos have been corrected. The reference to [3, Th.
4.3.2] is moved to the end of Section 2 (Lemma 2.3).
I am deeply grateful to Jiangwei Xue, who pointed out the gap.
1. Definitions and statements
Throughout this paperK is a field andKa its algebraic closure. We write Gal(K)
for the absolute Galois group Gal(Ka/K) and ℓ for a prime different from char(K).
If X is an abelian variety of positive dimension over Ka then End(X) stands for
the ring of all its Ka-endomorphisms and End
0(X) for the corresponding Q-algebra
End(X) ⊗ Q. For every abelian variety over Y over Ka we write Hom(X,Y ) for
the group of all Ka-homomorphisms from X to Y .
Let p be a prime and ζp ∈ C be a primitive pth root of unity, Q(ζp) ⊂ C the pth
cyclotomic field and Z[ζp] the ring of integers in Q(ζp).
Let us assume that char(K) 6= p and K contains a primitive pth root of unity ζ.
Let f(x) ∈ K[x] be a polynomial of degree n ≥ 3 without multiple roots, Rf ⊂ Ka
the (n-element) set of roots of f and K(Rf ) ⊂ Ka the splitting field of f . We
write Gal(f) = Gal(f/K) for the Galois group Gal(K(Rf )/K) of f ; it permutes
the roots of f and may be viewed as a certain permutation group of Rf , i.e., as a
subgroup of the group Perm(Rf ) ∼= Sn of permutations of Rf .
Let Cf,p be a smooth projective model of the smooth affine K-curve y
p = f(x);
its genus is equal to (n−1)(p−1)/2 if p does not divide n. The map (x, y) 7→ (x, ζy)
gives rise to a non-trivial birational K-automorphism δp : Cf,p → Cf,p of period
p. The jacobian J(Cf,p) of Cf,p is an abelian variety that is defined over K. By
Albanese functoriality, δp induces an automorphism of J(Cf,p) which we still denote
by δp. It is known [9, p. 149], [12, p. 458]) (see also [30, 32]) that δp satisfies the
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pth cyclotomic equation, i.e., δp
p−1 + · · ·+ δp + 1 = 0 in End(J(Cf,p)). This gives
rise to the embeddings
Z[ζp] →֒ EndK(J(Cf,p)) ⊂ End(J(Cf,p)), ζp 7→ δp,
Q(ζp) →֒ End0K(J(Cf,p)) ⊂ End0(J(Cf,p)), ζp 7→ δp,
that send 1 to the identity automorphism of J(Cf,p). In particular, if Q[δp] is the Q-
subalgebra of End0(J(Cf,p)) generated by δp then the latter embedding establishes
a canonical isomorphism
Q(ζp) ∼= Q[δp]
that sends ζp to δp. In a series of papers [18, 21, 28, 25, 27, 23, 30, 32], the
author discussed the structure of End0(J(Cf,p)). In particular, he proved that if
char(K) = 0, n ≥ 5 and Gal(f) coincides either with full symmetric group Sn or
with alternating groupAn then End(J(Cf,p)) = Z[ζp]. (See also [19, 20, 24, 26, 33].)
The aim of this paper is to deal with arbitrary doubly transitive Galois groups for
almost all p (if n is given). For example, we extend the result about End(J(Cf,p))
to the case when n = 4,Gal(f) = S4, a prime p is odd and K contains a primitive
pth root of unity (see below).
The following statement is the main result of this paper.
Theorem 1.1. Suppose that K has characteristic zero, n ≥ 4 and p is an odd prime
that does not divide n. Suppose that K contains a primitive pth root of unity and
Gal(f) contains a doubly transitive subgroup G that enjoys the following property:
if p divides n− 1 and n 6= p+ 1 then G does not contain a proper subgroup, whose
index divides (n− 1)/p.
Then:
(i) End0(J(Cf,p)) is a simple Q-algebra, i.e., J(Cf,p) is isogenous over Ka to
a self-product of an absolutely simple abelian variety.
(ii) Let us assume that G does not contain a proper normal subgroup, whose
index divides n− 1. Assume also that either n = p+1 or p does not divide
n− 1. Then
End0(J(Cf,p)) = Q[δp] ∼= Q(ζp), End(J(Cf,p)) = Z[δp] ∼= Z[ζp].
Remark 1.2. See [2, 7] for the list of known doubly transitive permutation groups.
Remark 1.3. Since G is doubly transitive, its order is divisible by n(n − 1). In
particular, every subgroup in G, whose index divides n−1 is either nontrivial proper
or G itself.
Remark 1.4. The case of n = 3 is discussed in [32]; see also [11]. (Notice that the
only doubly transitive subgroup of S3 is S3 itself, which contains a normal subgroup
of index 2 = 3− 1.)
Let us consider the case of n = 4. The only doubly transitive subgroups of
S4 are S4 and A4: they both contain a subgroup of index 3 = 4 − 1. The only
subgroup in A4 of index 3 is normal. However, none of the index 3 subgroups in
S4 is normal. (Indeed, an index 3 normal subgroup of S4 is, obviously, a normal
Sylow 2-subgroup and therefore must contain all the transpositions, which could
not be the case.) Now Theorem 1.1 implies the following statement.
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Corollary 1.5. Suppose that K has characteristic zero, f(x) ∈ K[x] is an irre-
ducible quartic polynomial, whose Galois group is the full symmetric group S4. If
p is an odd prime and K contains a primitive pth root of unity then
End0(J(Cf,p)) = Q[δp] ∼= Q(ζp), End(J(Cf,p)) = Z[δp] ∼= Z[ζp].
Example 1.6. Let p = 3 and f(x) =
∑4
i=0 fix
i ∈ K[x] be an irreducible degree
4 polynomial over K with Galois group S4. Then f0 6= 0, f4 6= 0 and the plane
projective quartic
y3z −
4∑
i=0
fix
iz4−i = 0
is a smooth projective model of Cf,3, whose only infinite point is (0 : 1 : 0). In
particular, Cf,3 is not hyperelliptic. It follows from Corollary 1.5 that
End(J(Cf,3)) = Z
[−1 +√−3
2
]
if char(K) = 0 and K contains a primitive cubic root of unity.
For example, the polynomial f(x) = x4 − x− 1 has Galois group S4 over Q [13,
p. 42]. Let L be the splitting field of f(x) over Q, so that L/Q is a Galois extension
with Gal(L/Q) = S4. Since S4 has exactly one subgroup of index 2 (namely,
A4), the field L contains exactly one quadratic (sub)field, namely, Q(
√
∆) where
∆ is the discriminant of f(x). Recall that the discriminant of a quartic polynomial
x4+ax+b is −27a4+256b3 [17, Sect. 64]. It follows that ∆ = −283 and L contains
Q(
√−283). This implies that L does not contain K := Q(√−3) and therefore L
and K are linearly disjoint over Q. Hence the Galois group of f(x) over K is still
S4. Since K contains a primitive cubic root of unity, we conclude that if J is the
jacobian of the smooth plane projective quartic
y3z − x4 + xz3 + z4 = 0
then End(J) = Z
[
−1+√−3
2
]
.
Notice that one may use degree seven polynomials with Galois group S7 or A7
in order to construct smooth plane quartics, whose jacobians have no nontrivial
endomorphisms [31].
Recall that one may realize S4 as the group of affine transformations of the affine
plane over F2. This suggests the following generalization of Corollary 1.5.
Theorem 1.7. Suppose that there exists a prime ℓ 6= p and positive integers r
and d such that d > 1 and n = ℓrd. Let F be the finite field Fℓr . Let F
d be the
d-dimensional coordinate F-vector space and SA(d,F) be the group of all special
affine transformation
v 7→ A(v) + t, t ∈ Fd, A ∈ SL(d,F)
of Fd. Suppose that one may identify Rf and F
d in such a way that Gal(f) becomes
a permutation group of Fd that contains SA(d,F).
Suppose that char(K) = 0 and K contains a primitive pth root of unity. If either
n = p+ 1 or p does not divide n− 1 then
End0(J(Cf,p)) = Q[δp] ∼= Q(ζp), End(J(Cf,p)) = Z[δp] ∼= Z[ζp].
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Proof. The permutation group G = SA(d,F) is doubly transitive, because SL(d,F)
is transitive on the set of all non-zero vectors in Fd (recall that d > 1). The
group T ∼= Fd of all translations of Fd is normal in SA(d,F) and G/T = SL(d,F).
Suppose that G contains a proper normal subgroup say, H , whose index divides
n − 1 = ℓrd − 1. It follows that H contains all elements, whose order is a power
of ℓ. This implies that H contains T and therefore H/T is a normal subgroup in
SL(d,F) that contains all elements of SL(d,F), whose order is a power of ℓ. Since
SL(d,F) is generated by elementary matrices [6, Ch. XIII, Sect. 8. Lemma 8.1
and Sect. 9, Proposition 9.1] and every (non-identity) elementary matrix over F
has multiplicative order ℓ, we conclude that H/T = SL(d,F) and therefore H =
SA(d,F). Since H is proper, we get a contradiction. So such H does not exist.
Now Theorem 1.7 follows from Theorem 1.1. 
Now let us discuss the case of n ≥ 5 and simple G.
Corollary 1.8. Suppose that char(K) = 0 and n ≥ 5. Suppose that p is an odd
prime that does not divide n and such that either n = p + 1 or p does not divide
n−1. Suppose that Gal(f) contains a doubly transitive simple non-abelian subgroup
G. Then
End0(J(Cf,p)) = Q[δp] ∼= Q(ζp), End(J(Cf,p)) = Z[δp] ∼= Z[ζp].
Proof of Corollary 1.8. Replacing K by a suitable finite algebraic extension, we
may assume that Gal(f) = G. Since G is simple non-abelian, Gal(f) would not
change if we replaceK by an abelian extension. So, we may assume thatK contains
a primitive pth root of unity. The simplicity of G means that it does not have a
proper normal subgroup. Now the assertion follows from Theorem 1.1. 
The paper is organized as follows. Section 2 recalls elementary but useful results
from [30] concerning the endomorphism algebras of abelian varieties. These results
are generalized in Section 3 to the case of the centralizer of a given field that acts
on an abelian variety. We pay a special attention to the action of this field on
the differentials of the first kind (Theorems 3.5 and 3.12). In Section 4 we prove
Theorem 1.1. In Section 5 we discuss generalizations of our results to the case when
p is replaced by its power q and the curve involved is yq = f(x).
This work was started during the special semester “Rational and integral points
on higher-dimensional varieties” at the MSRI (Spring 2006). I am grateful to the
MSRI and the organizers of this program.
2. Endomorphism algebras of abelian varieties
LetX be an abelian variety of positive dimension overK. If n is a positive integer
that is not divisible by char(K) then Xn stands for the kernel of multiplication by
n in X(Ka). It is well-known [8] that Xn is a free Z/nZ-module of rank 2dim(X).
In particular, if n = ℓ is a prime then Xℓ is a 2dim(X)-dimensional Fℓ-vector space.
If X is defined over K then Xn is a Galois submodule in X(Ka) and all points of
Xn are defined over a finite separable extension of K. We write ρ¯n,X,K : Gal(K)→
AutZ/nZ(Xn) for the corresponding homomorphism defining the structure of the
Galois module on Xn,
G˜n,X,K ⊂ AutZ/nZ(Xn)
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for its image ρ¯n,X,K(Gal(K)) and K(Xn) for the field of definition of all points of
Xn. Clearly,K(Xn) is a finite Galois extension ofK with Galois group Gal(K(Xn)/K) =
G˜n,X,K . If n = ℓ then we get a natural faithful linear representation
G˜ℓ,X,K ⊂ AutFℓ(Xℓ)
of G˜ℓ,X,K in the Fℓ-vector space Xℓ.
We write EndK(X) for the ring of all K-endomorphisms of X . We have
Z = Z · 1X ⊂ EndK(X) ⊂ End(X)
where 1X is the identity automorphism of X . Since X is defined over K, one may
associate with every u ∈ End(X) and σ ∈ Gal(K) an endomorphism σu ∈ End(X)
such that σu(x) = σu(σ−1x) for x ∈ X(Ka) and we get the group homomorphism
κX : Gal(K)→ Aut(End(X)); κX(σ)(u) = σu ∀σ ∈ Gal(K), u ∈ End(X).
It is well-known that EndK(X) coincides with the subring of Gal(K)-invariants
in End(X), i.e., EndK(X) = {u ∈ End(X) | σu = u ∀σ ∈ Gal(K)}. It is
also well-known that End(X) (viewed as a group with respect to addition) is a
free commutative group of finite rank and EndK(X) is its pure subgroup, i.e., the
quotient End(X)/EndK(X) is also a free commutative group of finite rank.
The following observation plays a crucial role in this paper.
Remark 2.1. It is known [16] that all the endomorphisms of X are defined over
K(Xℓ2); in particular,
Gal(K(Xℓ2)) ⊂ ker(κX) ⊂ Gal(K).
This implies that if ΓK := κX(Gal(K)) ⊂ Aut(End(X)) then there exists a surjec-
tive homomorphism κX,ℓ2,K : G˜ℓ2,X,K ։ ΓK such that the composition
Gal(K)։ Gal(K(Xℓ2)/K) = G˜ℓ2,X,K
κ
X,ℓ2,K
։ ΓK
coincides with κX . Clearly,
EndK(X) = End(X)
ΓK .
Clearly, End(X) leaves invariant the subgroup Xℓ ⊂ X(Ka). It is well-known
that u ∈ End(X) kills Xℓ (i.e. u(Xℓ) = 0) if and only if u ∈ ℓ · End(X). This gives
us a natural embedding
EndK(X)⊗ Z/ℓZ ⊂ End(X)⊗ Z/ℓZ →֒ EndFℓ(Xℓ).
Clearly, the image of EndK(X) ⊗ Z/ℓZ lies in the centralizer of the Galois group,
i.e., we get an embedding
EndK(X)⊗ Z/ℓZ →֒ EndGal(K)(Xℓ) = EndG˜ℓ,X,K (Xℓ).
It is well-known [8, §21], that End0(X) is a semisimple finite-dimensional Q-
algebra. Clearly, the natural map Aut(End(X))→ Aut(End0(X)) is an embedding.
This allows us to view κX as a homomorphism
κX : Gal(K)→ Aut(End(X)) ⊂ Aut(End0(X)),
whose image coincides with ΓK ⊂ Aut(End(X)) ⊂ Aut(End0(X)). Clearly, the
subalgebra End0(X)ΓK of ΓK-invariants coincides with EndK(X)⊗Q.
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Remark 2.2. (i) Let us split the semisimple Q-algebra End0(X) into a finite
direct product End0(X) =
∏
s∈I Ds of simple Q-algebras Ds. (Here I is
identified with the set of minimal two-sided ideals in End0(X).) Let es be
the identity element of Ds. One may view es as an idempotent in End
0(X).
Clearly,
1X =
∑
s∈I
es ∈ End0(X), eset = 0 ∀s 6= t.
There exists a positive integer N such that all N · es lie in End(X). We
write Xs for the image Xs := (Nes)(X); it is an abelian subvariety in X of
positive dimension. Clearly, the sum map
πX :
∏
s
Xs → X, (xs) 7→
∑
s
xs
is an isogeny. It is also clear that the intersectionDs
⋂
End(X) leavesXs ⊂
X invariant. This gives us a natural identification Ds ∼= End0(Xs). One
may easily check that each Xs is isogenous to a self-product of (absolutely)
simple abelian variety. Clearly, if s 6= t then Hom(Xs, Xt) = 0.
(ii) We write Cs for the center of Ds. Clearly, Cs coincides with the center of
End0(Xs) and the center C of End
0(X) coincides with
∏
s∈I Cs = ⊕s∈SCs.
(iii) Obviously, all the sets
{es | s ∈ I} ⊂ ⊕s∈IQ · es ⊂ ⊕s∈ICs = C
are stable under the Galois action Gal(K)
κX−→ Aut(End0(X)). In par-
ticular, there is a continuous homomorphism from Gal(K) to the group
Perm(I) of permutations of I such that its kernel contains ker(κX) and
eσ(s) = κX(σ)(es) =
σes,
σ(Cs) = Cσ(s),
σ(Ds) = Dσ(s) ∀σ ∈ Gal(K), s ∈ I.
By Remark 2.1, the homomorphism Gal(K) → Perm(I) factors through
G˜X,ℓ2,K . It follows that Xσ(s) = Neσ(s)(X) = σ(Nes(X)) = σ(Xs); in
particular, abelian subvarieties Xs and Xσ(s) have the same dimension.
Clearly, u 7→ σu gives rise to an isomorphism of Q-algebras End0(Xσ(s)) ∼=
End0(Xs).
(iv) Assume that EndK(X) has no zero divisors. Then the following conditions
hold [29, remark 1.4(iv)]: I consists of one Galois orbit. In particular,
G˜X,ℓ2,K acts transitively on I and therefore has a subgroup of index #(I).
In the next section we will need the following criterion of simplicity for algebras
over fields.
Lemma 2.3. Let F be a field, R a finite-dimensional central simple F -algebra. Let
A ⊂ R be a simple F -subalgebra with the same identity element. (In particular,
A contains the center F of R.) Then the centralizer CR(A) of A in R is a simple
F -algebra.
Proof. This is a special case of Theorem 4.3.2 on p. 104 of [3] 
3. Abelian varieties with multiplications
Let E be a number field. Let (X, i) be a pair consisting of an abelian variety X
of positive dimension over Ka and an embedding i : E →֒ End0(X). Here 1 ∈ E
must go to 1X .
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Remark 3.1. It is well known [15, Prop. 2 on p. 36]) that the degree [E : Q]
divides 2dim(X), i.e.
dX,E :=
2dim(X)
[E : Q]
is a positive integer.
Let us denote by End0(X, i) the centralizer of i(E) in End0(X). Clearly, i(E)
lies in the center of the finite-dimensional Q-algebra End0(X, i). It follows that
End0(X, i) carries the natural structure of a finite-dimensional E-algebra.
Remark 3.2. The E-algebra End0(X, i) is semisimple. Indeed, in the notation of
Remark 2.2, End0(X) =
∏
s∈I Ds where all Ds = End
0(Xs) are simple Q-algebras.
If prs : End
0(X) ։ Ds is the corresponding projection map and Ds,E is the cen-
tralizer of prsi(E) in Ds then one may easily check that End
0(X, i) =
∏
s∈I Ds,E .
Clearly, prsi(E)
∼= E is a simple Q-algebra. We write is for the composition
prsi : E →֒ End0(X)։ Ds ∼= End0(Xs). We have Ds,E = End0(Xs, is). Let Cs be
the center of Ds. Clearly, Cs is a field.
If Cs is contained in prsi(E)
∼= E then prsi(E) ∼= E is a simple Cs-algebra. Now
it follows from Lemma 2.3 that Ds,E is also a simple Cs-algebra.
Now suppose that Cs is not contained in prsi(E). Let us consider the natural
homomorphism
Cs ⊗Q E → Ds,
whose image CsE is a commutative semisimple Cs-subalgebra of Ds = End
0(Xs).
Clearly, Ds,E coincides with the centralizer of CsE in Ds. By Lemma 2.3, if CsE
is a field then Ds,E is a simple Cs-algebra and therefore is also a simple E-algebra.
In general case CsE splits into a finite direct sum
CsE = ⊕j∈JFj
of fields Fj . Let es,j be the identity element of Fj . Then
∑
j∈J es,j = 1Xs and
es,jes,j′ = 0 for each j, j
′ ∈ J with j 6= j′.
There exists a positive integer M such that all M · es,j lie in End(Xs). We write
Yj for the image Yj := (Mes,j)(Xs); it is an abelian subvariety in Xs of positive
dimension provided with natural embedding
is,j : Fj →֒ End0(Yj)
that sends es,j to the identity automorphism of Yj . Let us consider the following
homomorphisms of abelian varieties
ψs :
∏
j∈J
Yj → Xs, {yj}j∈J 7→
∑
j∈J
yj ,
φs : Xs →
∏
j∈J
Yj , x 7→ {(Mes,j)x}j∈J .
Clearly, ψsφs =M ·1Xs while φsψs is multiplication byM in
∏
j∈J Yj . In particular,
both ψs and φs are isogenies of abelian varieties over Ka. We also have
Ds,E = ψs[⊕j∈JEnd0(Yj , is,j)]ψ−1s ∼= ⊕j∈JEnd0(Yj , is,j).
Since Xs is isogenous to a self-product of an absolutely simple abelian variety,
say, Zs, the abelian subvariety Yj is also isogenous to a self-product of Zs. In
particular, End0(Xs) and End
0(Yj) have the same center, namely, the field Cs.
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Since Fj contains Cs, Lemma 2.3 implies that the centralizer End
0(Yj , is,j) (of Fj)
is a simple Fj-algebra and therefore is a simple E-algebra.
This implies that Ds,E is a semisimple E-algebra and therefore End
0(X, i) is a
semisimple E-algebra.
Recall that Ds,E = End
0(Xs, is) and therefore
End0(X, i) =
∏
s∈I
Ds,E =
∏
s∈I
End0(Xs, is) (1).
Now it is clear that End0(X, i) is a simple E-algebra if and only if End0(X) is a
simpleQ-algebra (i.e., I is a singleton {s}) and CsE is a field (i.e., the corresponding
J is a singleton).
Let O be the ring of integers in E. Let a be a non-zero ideal in O. It is well
known that the quotient O/a is a finite commutative ring.
Let λ be a maximal ideal in O. We write k(λ) for the corresponding (finite)
residue field O/λ and ℓ for char(k(λ)). We have
O ⊃ λ ⊃ ℓ · O.
Remark 3.3. Let us assume that λ is the only maximal ideal of O dividing ℓ, i.e.,
ℓ · O = λb where the positive integer b satisfies [E : Q] = b · [k(λ) : Fℓ].
(i) We have O ⊗ Zℓ = Oλ where Oλ is the completion of O with respect to
λ-adic topology. It is well known that Oλ is a local principal ideal domain,
its only maximal ideal is λOλ and
k(λ) = O/λ = Oλ/λOλ.
One may easily check that ℓ · Oλ = (λOλ)b.
(ii) Let us choose an element c ∈ λ that does not lie in λ2. Clearly,
λOλ = c · Oλ, ℓ · Oλ = cb · Oλ.
This implies that there exists a unit u ∈ O∗λ such that ℓ = ucb. It follows
from the unique factorization of ideals in O that
λ = ℓ · O + c · O.
(iii) Notice that
Eλ = E ⊗Q Qℓ = O ⊗Qℓ = Oλ ⊗Zℓ Qℓ
is the field coinciding with the completion of E with respect to λ-adic
topology.
Suppose that X is defined over K and i(O) ⊂ EndK(X). Then we may view
elements of O as K-endomorphisms of X . We write End(X, i) for the centralizer of
i(O) in End(X) and EndK(X, i) for the centralizer of i(O) in EndK(X). Obviously,
End(X, i) is a pure subgroup in End(X) and EndK(X, i) = End(X, i)
⋂
EndK(X)
is a pure subgroup in End(X, i), i.e. the quotients End(X)/End(X, i) and
End(X, i)/EndK(X, i) are torsion-free. We have
i(O) ⊂ EndK(X, i) ⊂ End(X, i) ⊂ End(X).
It is also clear that
End(X, i) = End0(X, i)
⋂
End(X),
End0(X, i) = End(X, i)⊗Q ⊂ End(X)⊗Q = End0(X).
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Clearly, End(X, i) carries the natural structure of a finitely generated torsion-free
O-module. Since O is a Dedekind ring, it follows that there exist non-zero ideals
b1, . . . , bt in O such that
Z · 1X ⊂ End(X, i) ∼= b1 ⊕ · · · ⊕ bt
(as O-modules).
Clearly, κ(σ)(End(X, i)) = End(X, i) for all σ ∈ Gal(K) and
EndK(X, i) = {u ∈ End(X, i) | σu = u ∀σ ∈ Gal(K)}.
Lemma 3.4. Suppose that X is defined over K and i(O) ⊂ EndK(X). If EndK(X, i)
has no zero divisors then, in the notations of Remark 2.2, I consists of one Galois
orbit; in particular, all Xs have the same dimension equal dim(X)/#(I).
Proof. Clearly, EndK(X, i)⊗Q also has no zero divisors. If J ⊂ I is a non-empty
Galois-invariant subset then eJ :=
∑
s∈J es is a non-zero element of EndK(X, i)⊗
Q. Now, if I contains two non-empty disjoint Galois-invariant subsets J1 and J2
then eJ1eJ2 = 0. 
Theorem 3.5. Suppose that E is a number field that is normal over Q. Suppose
that K is a field of characteristic zero that contains a subfield isomorphic to E.
Suppose that X is defined over K and i(O) ⊂ EndK(X). Let LieK(X) be the
tangent space to X at the origin, which carries the natural structure of a E ⊗Q K-
module. For each field embedding τ : E →֒ K we put
LieK(X)τ = {z ∈ LieK(X) | i(e)z = τ(e)z ∀e ∈ E},
nτ (X, i) = dimK(LieK(X)τ ).
If EndK(X, i) has no zero divisors then every nτ is divisible by #(I). In particular,
if the greatest common divisor of all nτ is 1 then #(I) = 1, i.e., End0(X) is a
simple Q-algebra, and X is isogenous over Ka to a self-product of an absolutely
simple abelian variety.
Remark 3.6. The nonnegative integers nτ (X, i) do not depend on the choice of
K.
Proof of Theorem 3.5. The embedding i gives rise to the embeddings
is : E →֒ End0(Xs), is(1) = 1Xs , is(O) ⊂ End(Xs)
and
LieKa(X)τ = ⊕s∈ILieKa(Xs)τ .
On the other hand, if s = σ(t) for s, t ∈ I, σ ∈ Gal(K) then
LieKa(Xs)τ = σ(LieKa(Xt)τ ).
Using Lemma 3.4, we conclude that for each τ (and s)
dimKa(LieKa(X)τ ) = #(I) · dimKa(LieKa(Xs)τ )
is divisible by #(I). In order to finish the proof, one has only to notice that
LieKa(X)τ = LieK(X)τ ⊗K Ka,
since E is normal and K contains the subfield isomorphic to E, 
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Lemma 3.7. In the notation and assumptions of Theorem 3.5, let us assume that
End0(X, i) is a central simple E-algebra. Let us define the positive integer m as
the square root of dimE(End
0(X, i)). Then all nτ (X, i) are divisible by m. In
particular, if the greatest common divisor of all nτ (X, i) is 1 then m = 1, i.e.,
End0(X, i) = i(E) ∼= E.
Proof. We may assume that K = Ka is algebraically closed. Then for each field
embedding τ : E →֒ K theK-algebra End0(X, i)⊗E,τK is isomorphic to the matrix
algebra Mm(K). On the other hand, every LieK(X)τ carries the natural structure
of a End0(X, i) ⊗E,τ K-module. It follows that the K-dimension of LieK(X)τ is
divisible by m. 
Let us assume that char(K) does not divide the order of O/a and put
Xa := {x ∈ X(Ka) | i(e)x = 0 ∀e ∈ a}.
For example, assume that ℓ 6= char(K). Then the order of O/λ = k(λ) is a power
of ℓ and
Xλ ⊂ Xℓ.
Assume in addition that λ is the only maximal ideal of O dividing ℓ and pick
c ∈ λ \ λ2 ⊂ λ ⊂ O.
By Remark 3.3(ii), λ is generated by ℓ and c. Therefore
Xλ = {x ∈ Xℓ | cx = 0} ⊂ Xℓ (2).
Clearly, Xa is a Galois submodule of X(Ka). It is also clear that Xa carries the
natural structure of a O/a-module. (It is known [14, Prop. 7.20] that this module
is free.)
Obviously, every endomorphism from End(X, i) leaves invariant the subgroup
Xa ⊂ X(Ka) and induces an endomorphism of the O/a-module Xa. This gives rise
to a natural homomorphism
End(X, i)→ EndO/a(Xa),
whose kernel contains a · End(X, i). We claim that actually, the kernel coincides
with a · End(X, i), i. e. there is an embedding
End(X, i)⊗O O/a →֒ EndO/aXa (3).
In order to prove it, let us denote by n the order of O/a. We have nO ⊂ a. Since
O is a Dedekind ring, there exists a non-zero ideal a′ in O such that a′a = nO.
Clearly
a
′Xn ⊂ Xa.
It follows that if u ∈ End(X, i) kills Xa then hu = uh kills Xn for each h ∈ a′. This
implies that
a
′u ⊂ nEnd(X)
⋂
End(X, i) = nEnd(X, i) = n(b1 ⊕ · · · ⊕ bt) = nb1 ⊕ · · · ⊕ nbt.
Since
nb1 ⊕ · · · ⊕ nbt = a′ab1 ⊕ · · · ⊕ a′abt,
we have u ∈ ab1 ⊕ · · · ⊕ abt = a · End(X, i) and we are done.
Now we concentrate on the case of a = λ, assuming that
ℓ 6= char(K).
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Then Xλ carries the natural structure of a k(λ)-vector space provided with the
structure of Galois module and (3) gives us the embedding
End(X, i)⊗O k(λ) →֒ Endk(λ)(Xλ). (4)
Further we will identify End(X, i)⊗O k(λ) with its image in Endk(λ)(Xλ). We write
ρ˜λ,X : Gal(K)→ Autk(λ)(Xλ)
for the corresponding (continuous) homomorphism defining the Galois action on
Xλ. It is known [14, Prop. 7.20] (see also [10]) that
dimk(λ)Xλ =
2dim(X)
[E : Q]
:= dX,E .
Let us put
G˜λ,X = G˜λ,X,K := ρ˜λ,X(Gal(K)) ⊂ Autk(λ)(Xλ).
Clearly, G˜λ,X coincides with the Galois group of the field extension K(Xλ)/K
where K(Xλ) is the field of definition of all points in Xλ.
It is also clear that the image of EndK(X, i) ⊗O k(λ) lies in the centralizer
EndG˜λ,X,K (Xλ) of G˜λ,X,K in Endk(λ)(Xλ). This implies the following statement.
Lemma 3.8. Suppose that i(O) ⊂ EndK(X). If λ is a maximal ideal in O such
that ℓ 6= char(K) and EndG˜λ,X,K (Xλ) = k(λ) then EndK(X, i) = O.
Proof. Clearly, EndK(X, i) is a finitely generated torsion free O-module and there-
fore is isomorphic to a direct sum of say, r (non-zero) ideals in O. Clearly, r = 1 and
therefore O ⊂ EndK(X, i) ⊂ E. Since O is the maximal order in E, we conclude
that EndK(X, i) = O. 
Since Xλ ⊂ Xℓ ⊂ Xℓ2 , we get the inclusion K(Xλ) ⊂ K(Xℓ2), which gives rise
to the surjective group homomorphism
τℓ2,λ : G˜ℓ2,X,K ։ G˜λ,X .
Remark 3.9. Recall [4] (see also [22, p. 199]) that a surjective homomorphism of
finite groups π : G1 ։ G is called a minimal cover if no proper subgroup of G1 maps
onto G. One may easily check that if H is a subgroup in G1 then (G : π(H)) divides
(G1 : H) (and the ratio is the index of ker(π)
⋂
H in ker(π)). Also, if H is normal
in G1 then π(H) is normal in G.
The following notion is a natural generalization of Definition 2.2 in [5].
Definition 3.10. Suppose that λ is the only maximal ideal of O dividing ℓ. We
say that K is λ-balanced with respect to X if ℓ 6= char(K) and
τℓ2,λ : G˜ℓ2,X,K ։ G˜λ,X,K
is a minimal cover.
Remark 3.11. There always exists a subgroup H ⊂ G˜ℓ2,X,K such that H →
G˜λ,X,K is surjective and a minimal cover. (Indeed, one has only to choose a sub-
group H ⊂ G˜ℓ2,X,K of smallest possible order such that τℓ2,λ(H) = G˜λ,X,K .) Let
us put L = K(Xℓ2)
H . Clearly,
K ⊂ L ⊂ K(Xℓ2), L
⋂
K(Xλ) = K
12 YURI G. ZARHIN
and L is a maximal overfield of K that enjoys these properties. It is also clear that
K(Xλ) ⊂ L(Xλ), L(Xℓ2) = K(Xℓ2), H = G˜ℓ2,X,L, G˜λ,X,L = G˜λ,X,K
and L is λ-balanced with respect to X .
In order to describe ρ˜λ,X explicitly, let us assume for the sake of simplicity that
λ is the only maximal ideal of O dividing ℓ. We write b for the corresponding
ramification index and pick c ∈ λ \ λ2.
Let Tℓ(X) be the Zℓ-Tate module of X . Recall that Tℓ(X) is a free Zℓ-module
of rank 2dim(X) provided with the continuous action
ρℓ,X : Gal(K)→ AutZℓ(Tℓ(X))
and the natural embedding
EndK(X)⊗ Zℓ →֒ EndZℓ(Tℓ(X)),
whose image commutes with ρℓ,X(Gal(K)). In particular, Tℓ(X) carries the natural
structure of an O ⊗ Zℓ = Oλ-module; it is known [10, Prop. 2.2.1 on p. 769] that
the Oλ-module Tℓ(X) is free of rank dX,E . There is also the natural isomorphism
of Galois modules
Xℓ = Tℓ(X)/ℓTℓ(X),
which is also an isomorphism of EndK(X) ⊃ O-modules. Applying (2) and Remark
3.3(ii), we conclude that the O[Gal(K)]-module Xλ coincides with
c−1ℓTℓ(X)/ℓTℓ(X) = cb−1Tℓ(X)/cbTℓ(X) = Tℓ(X)/cTℓ(X) =
Tℓ(X)/cOλTℓ(X) = Tℓ(X)/(λOλ)Tℓ(X).
Hence
Xλ = Tℓ(X)/(λOλ)Tℓ(X) = Tℓ(X)⊗Oλ k(λ).
Theorem 3.12. Suppose that E is a number field that is normal over Q. Suppose
that K is a field of characteristic zero that contains a subfield isomorphic to E.
Suppose that X is defined over K and i(O) ⊂ EndK(X). We write nX,E for the
greatest common divisor of all nτ (X, i) where τ runs through the set of embeddings
τ : E →֒ K. Suppose that λ is the only maximal ideal in O that lies above prime
ℓ, the group G˜λ,X does not contain a subgroup, whose index divides nX,E, except
G˜λ,X itself, and EndG˜λ,X (Xλ) = k(λ). Then:
(i) End0(X) is a simple Q-algebra, i.e., X is isogenous over Ka to a self-
product of an absolutely simple abelian variety.
(ii) Suppose that G˜λ,X does not contain a normal subgroup, whose index divides
dX,E except G˜λ,X itself. Assume also that nX,E = 1. Then:
End0(X, i) = i(E) ∼= E and End(X, i) = i(O) ∼= O.
Proof. Using Remark 3.11, we may assume (extending if necessary the ground field)
that K is λ-balanced with respect to X . In particular, there is no proper subgroup
H ⊂ G˜ℓ2,X,K with τℓ2,λ(H) = G˜λ,X,K . Since EndG˜λ,X (Xλ) = k(λ), it follows from
Lemma 3.8 that EndK(X, i) = i(O) ∼= O and therefore has no zero divisors. It
follows from Lemma 3.4 that I consists of one Galois orbit. Assume that I is not a
singleton. By Remark 2.2, G˜ℓ2,X,K contains a subgroup H of index #(I). It follows
from Remarks 3.11 and 3.9 that H0 := τℓ2,λ(H) 6= G˜λ,X,K ; in addition the index of
H0 in G˜λ,X,K divides #(I). By Theorem 3.5, #(I) divides nX,E . It follows that
the index of H0 in G˜λ,X,K divides nX,E . But such H0 does not exist: the obtained
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contradiction proves that I is a singleton, i.e., X = Xs, End0(X) = End0(Xs) is a
simple Q-algebra. This proves (i).
Let us prove (ii). Assume for a while that End0(X, i) is a simple E-algebra. Then
the center C of the simple E-algebra End0(X, i) is a field that contains i(E) ∼= E.
By Remark 3.1, [C : Q] divides 2dim(X). This implies that [C : E] divides dX,E .
Suppose that C 6= E, i.e., [C : E] > 1. Since EndK(X, i) = O, we have
E = End0K(X, i) = C
Gal(K) = EG˜ℓ2,X,K ,
i.e., C/E is a Galois extension and there is a surjective homomorphism G˜ℓ2,X,K ։
Gal(C/E), whose kernel H1 is a normal subgroup in G˜ℓ2,X,K of index [C : E] > 1.
Clearly, H2 := τℓ2,λ(H1) is a normal subgroup in G˜λ,X,K and its index is greater
than 1 but divides [C : E]. Since [C : E] divides dX,E , the index of H2 in G˜λ,X,K
divides dX,E . But such H2 does not exist: the obtained contradiction proves that
[C : E] = 1, i.e., C = E and End0(X, i) is a central simple E-algebra. It follows from
Lemma 3.7 that End0(X, i) = i(E) ∼= E. Since O ∼= i(O) ⊂ End(X, i) ⊂ i(E) ∼= E
and O is the maximal order in E, we conclude that O ∼= i(O) = End(X, i).
So, we are done, under an additional assumption that End0(X, i) is a simple
E-algebra. Now, let us do the general case. Further we will identify E with its
image in End0(X, i) ⊂ End0(X). We are going to prove that, in the notation of
Remark 3.2, the set J is a singleton: this would imply that End0(X, i) is a simple
E-algebra. By (i), X = Xs. Let Cs be the center of End
0(Xs). Since X = Xs is
defined over K, the center Cs is stable under the natural action of Gal(K). Since
E consists of K-endomorphisms of X , the compositum CsE ⊂ End0(Xs) is also
stable under the action of Gal(K). Clearly, E coincides with the subalgebra of
Galois invariants of CsE, because CsE commutes with E and EndK(X, i) = O.
By Remark 3.2, CsE is a direct sum ⊕j∈JFj of fields Fj . The set of the identity
elements es,j ’s of Fj ’s is the set of minimal idempotents of CsE and therefore is
Galois-stable. I claim that the Galois action on the set of es,j ’s is transitive. Indeed,
suppose that J1 and J2 are two disjoint Galois orbits in J . Then
u1 =
∑
j∈J1
es,j , u2 =
∑
j∈J2
es,j
are nonzero Galois invariants, whose product is zero. Therefore u1 and u2 are
nonzero elements of the field E, whose product is zero, which is nonsense. The
obtained contradiction proves that the Galois action on the set of es,j ’s is transi-
tive. Let us consider the tangent space LieK(X) to X at the origin; it is a finite-
dimensional vector space over K. If we consider the tangent space to Xs = X over
Ka then we get the Ka-vector space
LieKa(Xs) = LieK(X)⊗K Ka.
The endomorphism algebra End0(X) = End0(Xs) acts by functoriality byKa-linear
transformations on the tangent space LieKa(Xs). (Here we use that char(Ka) =
char(K) = 0.)
The Galois group Gal(K) acts naturally by semi-linear automorphisms on LieKa(Xs).
Let us consider the Ka-vector subspaces
Wj = (Mes,j)LieKa(Xs) = es,jLieKa(Xs) ⊂ LieKa(Xs).
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Clearly, Wj ’s are E-invariant, Galois-conjugate and
LieKa(Xs) = ⊕j∈JWj .
Since the action of E on LieKa(Xs) = LieK(X)⊗K Ka, is defined over K, for each
a ∈ E the trace of the corresponding Ka-linear operator Wj → Wj induced by a
does not depend on j. This implies that for each field embedding τ : E →֒ Ka the
corresponding multiplicity nτ (X, i) is divisible by #(J). (Recall that τ(E) always
sits in K.) It follows that n(X,E) is divisible by #(J). Since n(X,E) = 1, the set
J is a singleton and we are done. 
4. superelliptic jacobians
We keep the notation of Section 1. In particular, K is a field of characteristic
zero that contains ζ: a primitive pth root of unity; f(x) ∈ K[x] is a polynomial
of degree n ≥ 3 and without multiple roots, Rf ⊂ Ka is the (n-element) set of
roots of f and K(Rf) ⊂ Ka is the splitting field of f . We assume that p does not
divide n and write Gal(f) = Gal(f/K) for the Galois group Gal(K(Rf )/K) of f ;
it permutes roots of f and may be viewed as a certain permutation group of Rf ,
i.e., as a subgroup of the group Perm(Rf ) ∼= Sn of permutation of Rf .
We write Cf,p for the superelliptic K-curve y
p = f(x) and J(Cf,p) for its jaco-
bian. Recall that J(Cf,p) is an abelian variety that is defined over K and
dim(J(Cf,p)) =
(n− 1)(p− 1)
2
.
Let us denote by d(n, p) the greatest common divisor of all integers [ni/p] where i
runs through the set of integers
{i | 0 < i < p}.
Remark 4.1. (i) Suppose that p divides n− 1, i.e., n = pk + 1 with positive
integer k. Then [ni/p] = ik and therefore d(n, p) = k = (n− 1)/p.
(ii) Suppose that p does not divide n − 1, i.e., n = pk + r with nonnegative
integer k and 1 < r < p. Then p > 2, since p does not divide n. Let us put
j := [p/r] ≤ [p/2] < p− 1. We have [n · 1/p] = k, [n(j+1)/p] = (j+1)k+1
and therefore d(n, p) = 1.
Let us put
E = Q(ζp), O = Z[ζp], ℓ = p, λ = (1− ζp)Z[ζp], k(λ) = Fp
and
X = J(Cf,p), i : Z[ζp] →֒ EndK(J(Cf,p)), i(ζp) = δp.
We have dJ(Cf,p),Q(ζp) = n − 1. It is known [9, 12] that Gal(f) is canonically
isomorphic to G˜J(Cf,p),λ,K . It is also known [25, 30], [32, Theorem 4.14] that the
centralizer of G˜J(Cf,p),λ,K in EndFp(J(Cf,p)λ) coincides with Fp if Gal(f) is doubly
transitive. Also, if p > 2 and τi : E = Q(ζp) →֒ K is an embedding that sends ζp
to ζ−i then nτi(J(Cf,p),Q(ζp)) = [ni/p] if 1 ≤ i < p [27, Remark 3.7]. This implies
that nJ(Cf,p),Q(ζp) = d(n, p).
Proof of Theorem 1.1. Extending the ground field, we may and will assume that
Gal(f) = G. Recall that p > 2. Now the assertion (i) follows from Theorem 3.12(i)
combined with Remarks 4.1 and 1.3. It follows from Theorem 3.12(ii)(i) combined
with Remark 1.3 that Q[δp] coincides with its own centralizer in End
0(J(Cf,p)); in
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particular, Q[δp] contains the center of End
0(J(Cf,p)). It follows from [27, Theorem
3.6] and [32, Theorem 3.2] that Q[δp] coincides with the center of End
0(J(Cf,p)).
This means that the centralizer ofQ[δp] in End
0(J(Cf,p)) is the whole End
0(J(Cf,p)).
Now Theorem 3.12(ii)(ii) combined with Remark 1.3 implies that End0(J(Cf,p)) =
Q[δp] ∼= Q(ζp). Since Z[ζp] ∼= Z[δp] is the maximal order in Q(ζp) and Z[δp] ⊂
End(J(Cf,p)), we conclude that Z[δp] = End(J(Cf,p)). 
Theorem 4.2. Suppose that p is odd and there exists a prime ℓ 6= p and positive
integers r and d such that n = ℓ2rd. Let F be the finite field Fℓr . Let F
2d be the 2d-
dimensional coordinate F-vector space and ASP(2d,F) be the group of all symplectic
affine transformation
v 7→ A(v) + t, t ∈ Fd, A ∈ Sp(2d,F)
of F2d. Suppose that one may identify Rf and F
2d in such a way that Gal(f)
becomes a permutation group of F2d that contains ASP(2d,F).
Suppose that char(K) = 0 and K contains a primitive pth root of unity. If either
n = p+ 1 or p does not divide n− 1 then
End0(J(Cf,p)) = Q[δp] ∼= Q(ζp), End(J(Cf,p)) = Z[δp] ∼= Z[ζp].
Proof. The permutation group G = ASP(2d,F) is doubly transitive, because the
symplectic group Sp(2d,F) is transitive on the set of all non-zero vectors in F2d.
The group T ∼= F2d of all translations of F2d is normal in ASP(2d,F) and G/T =
Sp(2d,F). Suppose that G contains a proper normal subgroup say, H , whose index
divides n − 1 = ℓ2rd − 1. It follows that H contains all elements, whose order
is a power of ℓ. This implies that H contains T and therefore H/T is a normal
subgroup in Sp(2d,F) that contains all elements of Sp(2d,F), whose order is a power
of ℓ. Since Sp(2d,F) is generated by symplectic transvections [1, Theorem 3.25] and
every (non-identity) symplectic transvection over F has multiplicative order ℓ, we
conclude that H/T = Sp(2d,F) and therefore H = ASP(2d,F). Since H is proper,
we get a contradiction. So such H does not exist. Now Theorem 4.2 follows from
Theorem 1.1. 
In the case of hyperelliptic jacobians (i.e., when p = 2), we still can get some
information about the structure of the endomorphism algebra.
Theorem 4.3. Suppose that K has characteristic zero, n is an odd integer that
is greater or equal than 5 and Gal(f) contains a doubly transitive subgroup G that
does not contain a proper subgroup, whose index divides (n− 1)/2. Then:
(i) End0(J(Cf,2)) is a simple Q-algebra, i.e., J(Cf,2) is isogenous over Ka to
a self-product of an absolutely simple abelian variety.
(ii) If G does not contain a subgroup of index 2 then End0(J(Cf,p)) is a central
simple Q-algebra.
Proof. Since p = 2, we have E = Q(ζ2) = Q, dim(J(Cf,2)) = (n − 1)/2 and the
assertion follows readily from Theorem 1.6 in [29]. 
5. Complements
Let r > 1 be a positive integer and q = pr. Let ζq ∈ C be a primitive qth
root of unity, E := Q(ζq) ⊂ C the qth cyclotomic field and Z[ζq] the ring of
integers in Q(ζq). Suppose that K is a field of characteristic zero than contains a
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primitive qth root of unity ζ. Let f(x) ∈ K[x] be a polynomial of degree n ≥ 4
without multiple roots. Let us assume that p does not divide n. We write Cf,q
for the smooth projective model of smooth affine K-curve yq = f(x). The map
(x, y) 7→ (x, yq) gives rise to the surjective regular map π : Cf,q → Cf,q/p. By
Albanese functoriality, π induces the surjective homomorphism of corresponding
jacobians J(Cf,q)→ J(Cf,q/p), which we still denote by π. We write J (f,q) for the
identity component of the kernel of
π : J(Cf,q)→ J(Cf,q/p).
It is known [30, pp. 355–356], [32, Theorem 5.13 and Remark 5.14 on p. 383] that:
(i) The automorphism
δq : Cf,q → Cf,q, (x, y) 7→ (x, ζy)
gives rise to an embedding
Z[ζq ] →֒ EndK(J (f,q)) ⊂ End(J (f,q))
that sends 1 to the identity automorphism of J (f,q).
(ii) The Galois modules J
(f,q)
(1−ζq) and J(Cf,p)(1−ζp) are isomorphic. Here (1− ζq)
(resp. (1− ζp)) is the corresponding principal maximal ideal in Z[ζq] (resp.
in Z[ζp]). In particular, if λ = (1 − ζq)Z[ζq] ⊂ Z[ζq ] then G˜λ,J(f,q) ,K =
Gal(f); if Gal(f) is doubly transitive then its centralizer in EndFp(J
(f,q)
λ )
coincides with Fp.
(iii) Let us consider the induced action of E = Q(ζq) on Lie(J
(f,q)). Let i be a
positive integer such that 1 ≤ i < q and p does not divide i. If τi : E =
Q(ζq) →֒ K is an embedding that sends ζq to ζ−i then nτi(J(C(f,q)), E) =
[ni/q].
Lemma 5.1. Let p be a prime, r > 1 an integer and q = pr. Let n ≥ 4 be an
integer that is not divisible by p. Let n = kq + c where k and c are nonnegative
integers and 0 < c < q.
Let d(n, q) be the greatest common divisor of all integers [ni/q] where i runs
through the set of positive integers i that are not divisible by p and strictly less than
q. Then:
(1) d(n, q) divides k. In particular, if q < n < 2q then d(n, q) = 1.
(2) If n− 1 is divisibly by q, i.e., c = 1, then d(n, q) = k = (n− 1)/q.
(3) If p is odd and n− 1 is not divisible by q then d(n, q) = 1.
(4) Suppose that p = 2 and q does not divide n− 1. Then:
(a) d(n, q) = 1 or 2.
(b) If either k is odd or c < q/2 then d(n, q) = 1. In particular, if n < q/2
then d(n, q) = 1.
We prove Lemma 5.1 at the end of this Section.
Combining observations (i)-(iii) of this Section with Theorem 3.12, Lemma 5.1
and Remark 1.3, we obtain the following “generalization” of Theorem 1.1.
Theorem 5.2. Suppose that K has characteristic zero, n ≥ 4 and p is a prime
that does not divide n. Let r > 1 be a positive integer, q = pr and suppose that
K contains a primitive qth root of unity. Suppose that Gal(f) contains a doubly
transitive subgroup G that enjoys the following property: if q divides n − 1 and
n 6= q+1 then G does not contain a proper subgroup, whose index divides (n−1)/q.
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If p = 2 then we assume additionally that G does not contain a subgroup of index
2. Then:
(i) End0(J (f,q)) is a simple Q-algebra, i.e., J (f,q) is isogenous over Ka to a
self-product of an absolutely simple abelian variety.
(ii) Let us assume that G does not contain a proper normal subgroup, whose
index divides n− 1. Assume also that either n = q+1 or q does not divide
n−1. If p = 2 then we assume additionally that n = kq+c with nonnegative
integers k and c < q such that either k is odd or c < q/2.
Then
End0(J (f,q)) = Q(ζq), End(J
(f,q)) = Z[ζq].
Corollary 5.3. Suppose that K has characteristic zero, f(x) ∈ K[x] is an irre-
ducible quartic polynomial, whose Galois group is the full symmetric group S4. Let
p be an odd prime, r > 1 a positive integer and q = pr. Suppose that K contains a
primitive qth root of unity. Then
End0(J (f,q)) = Q(ζq), End(J
(f,q)) = Z[ζq].
Proof of Corollary 5.3. The same proof as for Corollary 1.5 works in this case,
provided one replaces the reference to Theorem 1.1 by a reference to Theorem
5.2. 
Corollary 5.4. Suppose that char(K) = 0 and n ≥ 5. Suppose that p is a prime
that does not divide n. Let r > 1 be a positive integer and q = pr. Assume also that
either n = q + 1 or q does not divide n− 1. If p = 2 then we assume additionally
that n = kq + c with nonnegative integers k and c < q such that either k is odd
or c < q/2. Suppose that Gal(f) contains a doubly transitive simple non-abelian
subgroup G. Then
End0(J (f,q)) = Q(ζq), End(J
(f,q)) = Z[ζq].
Proof of Corollary 5.4. The same proof as for Corollary 1.8 works in this case,
provided one replaces the reference to Theorem 1.1 by a reference to Theorem 5.2
and notices that simple non-abelian G does not contain a subgroup of index 2. 
Proof of Lemma 5.1. Clearly, p does not divide c. We have [n · 1/q] = k and
therefore d(n, q) divides k. This proves (1). If c = 1 then k = (n − 1)/q and
[ni/q] = ik. This implies that d(n, q) = k = (n− 1)/q. This proves (2).
Now assume that c > 1. Letm be the smallest integer such thatmc > q. Clearly,
q/2 > m ≥ 2, (m− 1)c < q < mc < 2q
and therefore
(km+ 1)q < nm < (km+ 2)q.
It follows that [nm/q] = km + 1 and therefore if m is not divisible by p then
d(n, q) = 1.
Now let us assume that m is divisible by p. Then m+1 is not divisible by p and
still m+ 1 < q. Clearly,
c 6= q/2.
If c < q/2 then mc = (m− 1)c+ c < q + q/2 and
(m+ 1)c = mc+ c < (q + q/2) + q/2 = 2q.
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This implies that
(km+ 1)q < n(m+ 1) < (km+ 2)q
and therefore [n(m+ 1)/q] = km+ 1, which, in turn, implies that d(n, q) = 1.
If c > q/2 then m = 2. If p is odd, 2 is not divisible by p and (as we have already
seen) [n · 2/q] = 2k + 1 and therefore d(n, q) = 1. This proves (3).
So, the only remaining case is when p = 2 and c > q/2. Since q ≥ 4, we may
take i = 3 < q. We have n · 3 = 3kq + 3c and either q < 3c < 2q or 2q < 3c < 3q.
In the former case [n · 3/q] = 3k + 1 and d(n, q) = 1.
In the latter case [n · 3/q] = 3k + 2 and d(n, q) divides both k and 3k + 2. This
implies that d(n, q) = 1 or 2; in addition, if k is odd then d(n, q) = 1. This proves
(4). 
6. Corrigendum to [30] and [33]
[30], Remark 4.1 on p. 351: the condition n ≥ 5 was inadvertently omitted.
[33], p. 538, Theorem 1.1, condition (ii): the n should be m.
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